In this paper, we consider the stochastic analog of the Baker-Hausdorff formula for operators satisfying the canonical commutation relations. This formula can be used to obtain an exact solution to the problem of the dynamics of a quantum system interacting with the environment.
INTRODUCTION
One of the methods for describing the dynamics of a quantum system interacting with the environment is the method of Markov master equations [1], [2] . Under rather general assumptions, the evolution of the state ρ t of an open quantum system described by a nonnegative operator with unit trace satisfies the Lindblad equation [3] 
where H is the Hamiltonian of a system describing the reversible dynamics, Φ( · ) is some completely positive mapping describing dissipative processes in the system, A • B = (AB + BA)/2 is the symmetric Jordan product, and Φ † ( · ) is the completely positive mapping dual to Φ( · ) with respect to the trace; more exactly,
The particular form of the mapping L depends on the physical realizations of some type of the environment and its interaction with the system [1], [2] . To obtain an analytic and numerical solution of Markov master equations the method of "quantum trajectories" [4] is used. Namely, the solution of Eq. (1) is sought in the form of the expectation of the complex operator-valued functional
where ρ 0 is the initial state of the system and u t is the stochastic operator describing the evolution of the state of the system and satisfying the Itˆo stochastic differential equation assigned to the Markov evolution generator L so that the state of the quantum system satisfies the Lindblad equation
where A, B = {B k } are the operator coefficients describing the dynamical and dissipative processes of interaction of the quantum system with its environment and w t = {w (k) t } are independent standard Wiener processes.
If the mapping L ( · ) is quadratic with respect to the system operators, then the differential equation for the stochastic part of u t is a first-order equation in the system operators. For example, the evolution of the state of a quantum harmonic oscillator with eigenfrequency Ω interacting with the environment at temperature T is described by the equation [1]
where a † and a are the creation and annihilation operators, ν : Ω/kT = log(1 + 1/ν), k is the Boltzmann constant, λ ∈ R + is the intensity of interaction of the oscillator with the environment, and κ ∈ C is the parameter characterizing the squeezed state of the environment. The given equation can be factorized in the sense that ρ t = Eu t ρ 0 u * t if u t satisfies the equation
where X t , Y t , Z t are independent Wiener processes. As in the classical Baker-Hausdorff formula, to obtain a solution of the stochastic part of the given equation, we must know how to disentangle the first-order summands with respect to the operators a and a † with commutator equal to one.
THE STOCHASTIC BAKER-HAUSDORFF FORMULA
Consider the following linear Itˆo stochastic differential equation with operator coefficients
Here W t is an n-dimensional Wiener process with independent standard components and c 0 t , c − t , c + t are given n-dimensional continuous complex functions of time. To simplify the notation in the subsequent exposition, products of the type c 0 t dW t are regarded as inner products in R n :
and the creation and annihilation operators a † and a, respectively, as
satisfy the standard commutation relation. In view of the Itˆo formula, the solution of Eq. (5) is formally written as the chronologically ordered exponential
because the coefficients in (5) do not commute at different instants of time. Our problem is to express the right-hand side of (6) as the product of normally ordered operators, i.e., to derive the stochastic analog of the Baker-Hausdorff formula.
